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COMPACT REPRESENTATIONS OF STRUCTURED BFGS
MATRICES*

JOHANNES J. BRUST!, SVEN LEYFFER', AND COSMIN G. PETRA?

Abstract. For general large-scale optimization problems compact representations exist in which
recursive quasi-Newton update formulas are represented as compact matrix factorizations. For
problems in which the objective function contains additional structure, so-called structured quasi-
Newton methods exploit available second-derivative information and approximate unavailable second
derivatives. This article develops the compact representations of two structured Broyden-Fletcher-
Goldfarb-Shanno update formulas. The compact representations enable efficient limited memory and
initialization strategies. Two limited memory line search algorithms are described and tested on a
collection of problems.
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1. Introduction. The unconstrained minimization problem is

(1.1) minimize f(x),

where f : R™ — R is assumed to be twice continuously differentiable. If the Hessian
matrix V2 f(x) € R"*" is unavailable, because it is unknown or difficult to compute,
then quasi-Newton methods are effective methods, which approximate properties of
the Hessian at each iteration, V2 f(xy+1) ~ Bgs1 [7]. Arguably, the most popular
quasi-Newton matrix is the Broyden-Fletcher-Goldfarb-Shanno (BFGS) matrix [3, 11,
13, 19], because of its convincing results on many problems. Given sy = Xp11 — Xg
and yr = Vf(Xp4+1) — Vf(x) the BFGS recursive update formula is

1
(1.2) By =B — Bisisi By + Wyky{.

S%B/@Sk kYk
For a symmetric positive definite initialization By € R™*™ (1.2) generates symmetric
positive definite matrices as long as s} yx > 0 for all £ > 0 (see [11, Section 2]).

1.1. BFGS Compact Representation. Byrd et al. [5] propose the compact
representation of the recursive formula (1.2). The compact representation has been
successfully used for large-scale unconstrained and constrained optimization [24]. Let
the sequence of pairs {si,yi}fgol be given, and let these vectors be collected in the
matrices Sy = [sg, -+, sp_1) € R™* and Yy = [yo, -+, yr_1] € R?*F
Moreover, let SIY) = Ly + Ry, where L, € R**¥ is the strictly lower triangular
matrix, Ry € R¥** is the upper triangular matrix (including the diagonal), and
D, = diag(S{Yk) € RF*F is the diagonal part of Sng. The compact representation
of the BFGS formula (1.2) is [5, Theorem 2.3]:

STB,S, Li | ' [STB,
*Submitted to the editors DATE.

Funding: This material was based upon work supported by the U.S. Department of Energy,
Office of Science, Office of Advanced Scientific Computing Research (ASCR) under Contract DE-
AC02-06CH11347.

T Argonne National Laboratory, Lemont, IL (jbrust@anl.gov, leyffer@mcs.anl.gov).
fLawrence Livermore National Laboratory, Livermore, CA (petral@llnl.gov).

1


mailto:jbrust@anl.gov
mailto:leyffer@mcs.anl.gov
mailto:petra1@llnl.gov

For large optimization problems limited memory versions of the compact representa-
tion in (1.3) are used. The limited memory versions typically store only the last m > 0
pairs {s;, yi}f:_klim when k > m. In limited memory BFGS (L-BFGS) the dimensions
of Si and Yy are consequently n x m. Usually the memory parameter is much
smaller than the problem size, namely, m < n. A typical range for this parameter is
5 <m < 50 (see Boggs and Byrd in [2]). Moreover, in line search L-BFGS methods
the initialization is frequently chosen as By = 61,,, where 65 = y{_lyk,l/sg_lyk,l.
Such an initialization enables efficient computations with the formula in (1.3), and
adds extra information through the parameter 65, which depends on the iteration k.

1.2. Structured Problems. When additional information about the structure
of the objective function is known, it is desirable to include this information in a
quasi-Newton update. Initial research efforts on structured quasi-Newton methods
were in the context of nonlinear least squares problems. These include the work of
Gill and Murray [12], Dennis et al. [8, 9], and Yabe and Takahashi [23]. Recently,
Petra et al. [18] formulated the general structured minimization problem as

(1.4) minimize f(x),  f(x) = k(%) + 1(x),

where k : R* — R has known gradients and known Hessians and % : R™ — R has
known gradients but unknown Hessians. For instance, objective functions composed
of a general nonlinear function plus a regularizer or penalty term are described with
(1.4). Thus, applications such as regularized logistic regressions [21] or optimal con-
trol problems contain structure that may be exploited, when we assume that the
Hessian of the regularizer is know. Even though approximating the Hessian of the
objective function in (1.4) by formula (1.2) or (1.3) is possible, this would not ex-
ploit the known parts of the Hessian. Therefore in [18] structured BFGS (S-BFGS)
updates are derived, which combine known Hessian information with BFGS approx-
imations for the unknown Hessian components. At each iteration the Hessian of the
objective is approximated as V2 f(xx11) ~ V2k(Xg11) + Apy1, where Ay 1 approx-
imates the unknown Hessian, that is, Agy1 ~ V2ﬁ(xk+1). Given the known Hessian
V2E(xk+1) = K41 and the gradients of @, let uy = Ky118, + (Vu(xpr1) — Vu(xg)).
One of two structured approximations from [18] is the structured BFGS-Minus (S-
BFGS-M) update

1
M. ThpM T
———By'spsi. B + ——uiu
sIBMs;, kPRER TR sty ko

(1.5) AM, = BY — Ky —
where B! = AM 4+ K. By adding K1 to both sides, the update from (1.5) implies
a formula for BkMJr1 that resembles (1.2), in which By11, By, and yy are replaced by
BkMH, Bﬁ/[, and uy, respectively. Consequently, Bklvﬂ_1 is symmetric positive definite
given a symmetric positive definite initialization B} as long as s;‘guk > 0 for k > 0.
A second formula is the structured BFGS-Plus (S-BFGS-P) update

1 ~ ~ 1
P P P TP T
(1.6) Ay 1= Ay — —=—B;si5, By + w—wuy,
STBPSk Sguk
k" k

where filk) = AP + K 41. Both of the updates in (1.5) and (1.6) were implemented
in a line search algorithm and compared with the unstructured BFGS formula (1.2)
in [18]. The structured updates obtained better results in terms of iteration count
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and function evaluations than did the unstructured counterparts. Unlike the BFGS
formula from (1.2), which recursively defines Byy; as a rank-2 update to By, the
formulas for A}, and A}, | in (1.5) and (1.6) additionally depend on the known
Hessians K41 and Kj. For this reason the compact representations of A%H and
AP , are different from the one for By in (1.3) and have not yet been proposed.

1.3. Article Contributions. In this article we develop the compact represen-
tations of the structured BFGS updates A}!, ; and A}, from (1.5) and (1.6). We
propose the limited memory versions of the compact structured BFGS (L-S-BFGS)
matrices and provide line search algorithms that implement them. We exploit the com-
pact representations in order to compute search directions by means of the Sherman-
Morrison-Woodbury formula and implement effective initialization strategies. Nu-
merical experiments of the proposed limited memory structured BFGS methods on
various problems are presented.

2. Structured BFGS Compact Representations. To develop the compact
representations of the structured BFGS formulas, we define

(2.1)  Ug=[uy, -+, w], S{U,=LJ+R}, diag(STUy;) =Dy,

where U, € R™** collects all uy, for £ > 0 and where Lg € RF** is a strictly lower
triangular matrix, R}cj € R**¥ is an upper triangular matrix (including the diagonal),
and DY € R¥** is the diagonal part of ST Uy.

2.1. Compact Representation of AkM. Theorem 2.1 contains the compact
representation of AM.

THEOREM 2.1. The compact representation of Aﬂl in the update formula (1.5) is

TRM U -1 rqT(mpM\T

(22)  AM=BY-K,-[BYS, U] S’fB& o L’“U} [S’“ (Bﬁ ) } ;
(Ly) -Dy Uj

where Sy, is as defined in (1.3), Uy, LY, and DY are defined in (2.1), and
BY = AV + K,.

Proof. Observe that by adding K41 to both sides of (1.5) the update formula of

B} | becomes
BY, —BY - BMgTBM 4 gl

k+1 k Sng/ISk k k 2k Sguk k-

This expression is the same as (1.2) when B}, is relabeled as By, 1, B! is relabeled
as By, and uy, is relabeled as yi. The compact representation of (1.2) is given by
(1.3), and therefore the compact representation of B} is given by (1.3) with Yy
replaced by Uy, and By replaced by B). Then (2.2) is obtained by subtracting Ky,
from the compact representation of BI,XI, and noting that B)! = A} + K;. Since
BM is symmetric positive definite as long as B}! is symmetric positive definite and
sFuy, > 0 for k > 0, the inverse in the right-hand side of (2.2) is nonsingular as long
as B! is symmetric positive definite and sguk >0 for k£ > 0. O

Corollary 2.2 describes the compact representation of the inverse HM = (K, —I—Al,:/[)_l,
which is used to compute search directions in a line search algorithm (e.g., pll;/[ =
ng[Vf (Xk))-



COROLLARY 2.2. The inverse Hﬂj = (Kk + A,J‘C/I)_l, with the compact represen-
tation of AM from (2.2), is given as
(2.3)

U\T U Tyy M u _ U\T T
Y = my - (s oy |07 (P REREOITE ST | B

-Ty Opxr | |Uf (HHT
where
Hy' = (By') ™' = (A)' + Ko)
and where TY = (RY) ™! with Sg, Uy, DY, and RY defined in Theorem 2.1 and (2.1).
Proof. Define

— sTBMg LY
=g = [BI(\)/ISk Uk} s M, = i(ngo)Tk _Sg s

in the compact representation of AM in (2.2). Let H)! = (B}!)~! then the expression
of HM is obtained by the Sherman-Morrison-Woodbury identity:

-1
H! = (K + A})
-1
= (BY — =M =]
-1
= (BY) '+ (BY) = My - EL(BY) '] =T (BY)
0 RY -
_ HM _ HME kxk k ETHM
0 0=k {(RE)T DY + Ul H)U,| “F70
(RY)™T (D + ULHY'U) (RY) ™ —(RY)™T
—(RY)™1 Ok

where the third equality is obtained from applying the Sherman-Morrison-Woodbury
inverse, the fourth equality uses the identity ST U, —L} = R}, and the fifth equality is
obtained by explicitly computing the inverse of the block matrix. Using (R})~! = T}
and (BM)71E, = (B!) 71 [B})!S, U] yields the expression in (2.3). ad

_ M M =T M

2.2. Compact Representation of Af. To develop the compact representa-
tion of the structured BFGS matrix A}:, we define v = K4 1s; in addition to the
expressions in (2.1) and

(2.4) Vie=I[vo, ..., Vi_1], SiVy=L)+R), diag(SIVv,) =D/,

where V, € R™*F collects all v, for k& > 0 and where LX € RFXF ig the strictly
lower triangular matrix, R) € R*¥** is the upper triangular matrix (including the
diagonal), and D) € R¥** is the diagonal part of ST V). Theorem 2.3 contains the
compact representation of AT

THEOREM 2.3. The compact representation of Ag in the update formula (1.6) is

-1
(25) AP = AP—[Qp Uyl [P I+ L))"+ SLAGS) L;ﬁj] {QZ]

(LT -D/| |U}
where

Q. =V, + AlS,
4



and where Sk,Uk,D,g, and LkU are defined in Theorem 2.3 and Vi, L,X, and D,l/ are
defined in (2.4).

Proof. The proof of (2.5) is by induction. For k = 1 in (2.5) it holds that

slvy +s'APs vy + APso)T
AT = A — [vo+Afsg ) |00 T T00 T (vo 7 )

—sg Ug ug

1
(K1 4+ Ad)sos? (K + AD)T +

AP -
O sT(K, + Ab)so st

uoug.

This expression is the same as Af in (1.6), and thus the compact representation
holds for & = 1. Next assume that (2.5) is valid for k£ > 1, and in particular let it be
represented as

eo  Al-al-rqou ]| e e [ 3]

where

(M) =DY + LY + (L))" +SEALS,, (Mi)i2 =L}/, (My)s2 = —DJ.

We verify the validity of (2.6) by substituting it in the update formula (1.6), and then
seek the representation

M. 41) (Mp41)12 - r
AP _ AP . U ( k+1)11 + k+1 .
ht o =1 Qur1 Uri | (Myi1)fs  (Mgga)22 Ui,

First let

p T T Wi
qr = Vi +Agsy, Wi =Qpsg, 1 =Uygsy, £k|:rk:|a

and note that in (1.6) it holds that

(AlkD + Kk+1)sk = AESk —+ Vi

T
= AOPSk —[ Qr U HM]C]_I |: 8%2: ] + Vi

ry
=qr — [ Qr U ][Mg] 72,

—a- [ U | Y

Next we define of = 1/sT (ALY + Ky1)si and obtain the following representation of
5



P .
Al

1
ALy = AL = 0P (ADsi + vi) (Ase +vi)” + —r—upu

k Yk
P_ P 71\/[,; + MM M, ;
=A;—0p [ Qe Up ar || ;M_l F k U%
=& M, 1 qy
T
+ EukUkuk
Wk Qk
M 1
:AO _[ Qk Uk qr ] i |: Iy :| Ug +WUku£
[ wi ol ] sfa ai k ok
Using the permutation matrix P = e; --- € €agt1 -+ €ax |, we represent AEH
as
P P T M, Wk . QI%
A=A —[ Qr Uy qr |PP ) PP U}
[wi i ] siaw af
1 T
+ Sngukuk
-1
Mp)1n wr  (Mg)ie 0 r
T T T 0 qf
— AP _ U, u Wi Sk Ak T k
0 [ Qk qr k k } (Mk:){Q s (Mk)22 0 U%"
0 0 0 —sfuk ug

Now we verify that the identities hold:

Qir1=[Qr ax ] =] Vi+AJSk vii+ Afsi | = Vg1 + Af Sk,

Uppr =] Up ug |,

[ (M w

(Mp41)11 = ( wkg)u s,{ék } = DXH + LX+1 + (LX+1)T + S£+1A0PSIC+17
[ (M 0

(Mgs1)12 = ( ’%)12 ] = Lg41,
L T 0

[ (Mi)a 0 o
(Mjy1)22 = _ 0 —Szuk = —Dg41.

Therefore we conclude that A}, is of the form (2.5) with &+ 1 replacing the indices
k. O

2.3. Limited Memory Compact Structured BFGS. The limited memory
representations of (2.2) and (2.5) are obtained by storing only the last m > 1 columns
of Sg, Uy, and V. By setting m < n limited memory strategies enable computational
efficiencies and lower storage requirements, see e.g., [17]. Updating Si, Uy and Vi
requires replacing or inserting one column at each iteration. Let an underline below
a matrix represent the matrix with its first column removed. That is, S; represents
S without its first column. With this notation, a column update of a matrix, say
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Sk, by a vector s is defined as follows.

[Sksk] ifk<m

colUpdate (Sk,sk) = {[ S, se] ik >m
Si Z m.

Such a column update either directly appends a column to a matrix or first removes
a column and then appends one. This column update will be used to, for instance,
obtain Syy; from S; and sg, i.e., Sgy1 = colUpdate(Sy,si). Next, let an overline

above a matrix represent the matrix with its first row removed. That is, Ska
represents SgUk without its first row. With this notation, a product update of, say
S{Uk, by matrices S, Uy and vectors sg, uy is defined as:

STy, ST
l [ ;“k] if k< m
s Ur  spug

prodUpdate (S Uy, Sk, Uk, sk, ug) = .

S ) (sU:) stu]

— if k> m.
sfﬂk sguk

This product update is used to compute matrix products, such as, S£+1Uk+1> with
O(2mn) multiplications, instead of O(m?n) when the product S Uy, had previously
been stored. Moreover, we let “diag(S?Uy)” extract the diagonal elements of a ma-
trix, say S% Uy, while “tril(ST Uy, —1)” are the strictly lower triangular elements
(elements below, excluding the main diagonal) and “triu(S{ Uy, 0)” the upper trian-
gular elements (elements above, including the main diagonal). Section 3 discusses
computational and memory aspects in greater detail.

3. Algorithms. This section describes two line search algorithms with limited
memory structured BFGS matrices. The compact representations enable efficient
reinitialization strategies and search directions, and we discuss these two components
first, before presenting the overall algorithms.

3.1. Initializations. For the limited memory BFGS matrix based on (1.3) one
commonly uses the initializations Bék) = o1, where o, = y;‘g_lyk,l/sf_lyk,l (c.f.
[5]). Choosing the initialization as a multiple of the identity matrix enables fast com-
putations with the matrix in (1.3). In particular, the inverse of this matrix may be
computed efficiently by the Sherman-Morrison-Woodbury identity. Because at the
outset it is not necessarily obvious which initializations to use for the limited memory
structured-BFGS (L-S-BFGS) matrices based on (2.2) and (2.5), we investigate dif-
ferent approaches. We are motivated by the analysis in [1], which proposed formula
0. Additionally, in that work a second initialization 31(62) =sl |yk-1/st_,sk_1 was
proposed. Because in the S-BFGS methods the vectors Uy and uj are used instead
of yi (unstructured BFGS), the initializations in this article are the below.

T
YUk Tnit. 1
Sk
31) 2%;: Init. 2
3.1 Okt+1 = B
SS’CTISI: Init. 3
S0 Tnig. 4

Note that Init. 1 and Init. 2 are extensions of & to structured methods. Instead
of using yy these initializations are defined by uy and ug. Init. 3 and Init. 4
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extend E,(f). Observe that the vectors up = Vu(xyy1) — Vu(xy) depend only on
gradient information of @(x). In contrast, uy = K18 + Ug depends on known
second-derivative information, too. Because the initial matrices A}l and A} affect
the compact representations from Theorems 2.1 and 2.3 differently, we accordingly
adjust our initialization strategies for these two matrices. In particular, for L-S-BFGS-
M the compact limited memory formula for B}XI simplifies if we take B)! as a multiple
of the identity matrix:

(3.2) B) = A+ Ky = 0,1

The advantage of this choice is that it enables computational complexities similar to
those of the L-BFGS formula from (1.3). However by setting this default initialization
for BM the corresponding limited memory matrices Bg/l are not equivalent anymore
to the full-memory matrices BI,://I defined by (1.5), even when k& < m. In Section 3.4.1
computational techniques are discussed when BY! is not taken as a multiple of the
identity matrix. For L-S-BFGS-P we set Ag = oxl. This initialization, as long as
0} remains constant, implies that the limited memory compact representations from
Theorem 2.1 and the update formulas from (1.6) produce the same matrices when
k< m.

3.2. Search Directions. The search directions for line search algorithms, with
the structured BFGS approximations, are computed as

(3.3) pr = —(Ki + Ax) gy,

where g, = Vf(x),) and where Ay is either the limited memory version of AM from
(2.2) or A} from (2.5). When A} is used, we apply the expression of the inverse
from Corollary 2.2, in order to compute search directions. In particular, with the
initialization strategy B)! = o4I from the preceding section, the search directions
(3.3) are computed efficiently by
(3.4)
=& s,y [TV OF £ 1/0TONTY /a1 (1571 ),
Ok —1/(7ka kak Uk
where T}CJ is defined in Corollary 2.2. This computation is done efficiently assuming
that all matrices have been updated before, such as Uka. Omitting terms of order
m, the multiplication complexity for this search direction is O(n(4m + 1) + 3m?). In
particular, computing pM can be done by: two vector multiplies with the n x 2m
matrix [ Sy, Uy | (order 4nm), the scaling 5 (order n) and a matrix vector product
with a structured 2m x 2m matrix. Since Tg represents a solve with an m x m upper
triangular matrix the vector product with the middle 2m x 2m matrix is done in order
3m?2. When AE is used, search directions are computed by solves of the linear system
(Ki + AP = —8k-

3.3. Algorithms. As in the work of Petra et al. [18], the compact representa-
tions of the structured BFGS formulas are implemented in a strong Wolfe line search
algorithm based on [16]. For nonnegative constants 0 < ¢; < ca, the current iterate x
and search direction pyg, the strong Wolfe conditions define the step length parameter
a by two inequalities

(3.5) f(xi+apk) < f(xi)+cia(pf VI(xk)), [prVf(xk+apr)| < e |pf V(x|
8



Because the S-BFGS-M matrix from (2.2) is positive definite as long as s uy > 0 for
k > 0, the line searches in our algorithms include this condition. Moreover, when
S-BFGS-M is used, new search directions are computed by using the inverse from
Corollary 2.2. In contrast, because the S-BFGS-P matrix from (2.5) is not necessarily
positive definite even if sTuy > 0 for k > 0 (see [18]), our implementation checks
whether K + A}: is positive definite, before computing a new search direction. If
this matrix is positive definite, then a new search direction is computed by solving
the linear system (Kj + Ag)pg = —gy. Otherwise the search direction is computed
by solving the system (Kj + AE + 6In)pg = —gy, where the scalar § > 0 ensures that
(Ki + AL +01,,) = 0 (Here § is chosen as the the first § = 107, = 0,1,... that yields
a positive definite matrix). The proposed limited memory line search algorithms are
listed in Algorithms 3.1 and 3.2.

Algorithm 3.1 Limited Memory Structured-BFGS-Minus (L-S-BFGS-M)
1: Initialize: ¥ =0, m > 0, ¢ > 0, op > 0,0 < ¢1 < o, Xk, 8 = Vf(xg) =
Vk(xi) + Vi(xy), Sp = 0, U = 0,DY =0, (RY)"' =0, STU, =0, UTU,, =0,
Ho = (1/0)I, © =[S, HoUy]
2: while ||g||cc > € do
3:  Compute:

pr = —Hogi + 0, M (0] g1),

where
M, — | ®) T (DV+UTH U )R ™ —®R) ™"
g ~(RY)™ 0
4:  Strong Wolfe line search:
Xp4+1 = X + QP

where o > 0, xj41 satisfies strong Wolfe conditions (cf. [18] and (3.5)), sx =
Xp4+1 — Xk sfuk > 0.

Updates: g1 = Vf(Xpr1), W = V2k(xpr1)sk + (Vi(xps1) — Va(xk))
Sk+1 = colUpdate(Sy, si)

Ug1 = colUpdate(Uyg, ug)

S£+1Uk+1 = prodUpdate(SgUk7 Sk, Uk, sk, ug)

U}, U1 = prodUpdate(U] Uy, Uy, Uy, ug, uy,)

10: Dg+1 = diag(SfHUkH)

11: RE_H = triu(Sf+1Uk+1, 0)

12:  Compute: oj41

13:  Hp = (1/0k41)I, update My 1, Oy using Theorem 2.1, k =k +1

14: end while

15: return xy

. . . . Stk
Note that ©%'g; on Line 3 in Algorithm 3.1 is computed as k so that

only one linear solve with Hy = (Ko + A}!)~! is computed, when the algorithm does
not use a multiple of the identity as the initialization.

Algorithm 3.2 is expected to be computationally more expensive than Algo-
rithm 3.1 because it tests for the positive definiteness of K; + Ay in Line 3 and
it computes search directions by the solve in Line 6. However, the structured quasi-
Newton approximation in Algorithm 3.2 may be a more accurate approximation of

9



Algorithm 3.2 Limited Memory Structured-BFGS-Plus (L-S-BFGS-P)

1: Initialize: ¥ =0, m > 0, € > 0, op > 0,0 < ¢1 < o, Xk, 8 = Vf(xx) =
V]%(Xk) + Va(xy), Ki = VQIAC(X;@), S, = 0,U, =0,V = O,D}cJ = O,LkJ =
O,DX = O,LX = 0, Qk = 0, SZUk = 0, S{Vk = 07 stk = 0, Ak = UkI

2: while ||gi|lcc > € do

3 if (Ky+ Ag) # 0 then

4 Find ¢ > 0 such that (K + Ay +0I,) = 0
5.
6

end if
Solve:
(Ki + Ag)pr = —8»

7 Strong Wolfe line search:
Xp4+1 = X + OPk;,

where o > 0, x4 satisfies strong Wolfe conditions (cf. [18] and (3.5)), sx =
Xk+1 = Xk- .
8:  Updates: gry1 = V/f(Xit1), Kiy1 = VZk(Xpy1), Vi = Kiqasp, wp = vi +
(Vi(xp41) — Vi(xx))
9:  Sk4+1 = colUpdate(Sy, si)
10:  Ugy = colUpdate(Uyg, ug)
11: Vk+1 = colUpdate(Vk, Vk)
12: S£+1Uk+1 = prodUpdate(SgUk, Sk, Uk, sk, ug)
13: Sg+1vk+1 = prodUpdate(Sng, Sk, Vi, Sk, Vi)
14: S}, Sk41 = prodUpdate(S{ Sk, Sk, Sk, S, Sk)
15 Ly, = tril(S{ Ups1, —1)
16: LXJFI = tril(SfHVkH, 71)
17: Dg+1 = diag(SfﬂUkH)
18: D¥+1 = diag(S{HUkH)
19:  Compute: oj41
20: Ag = (1/0k+1)1, update Qg = [Vk+1 + AoSk41 Uk]

21:
DY, +LY,, + (LY. )7 +ST  AS LY., 1"
A1 =Ag—Qpqq | FFL Rt ((L(]?H)T k1 TR0RkH _[];ﬁl Qngl
k+1 k+1
22 k=k+1

23: end while
24: return xj

the true Hessian (see [18]), which may result in fewer iterations or better convergence
properties. Unlike Algorithm 3.2, Algorithm 3.1 does not require solves with large
linear systems.

3.4. Large Scale Computation Considerations. This section discusses com-
putational complexity and memory requirements of the structured Hessian approxi-
mations when the problems become large. In particular, if n is very large the Hessian
matrices Ky typically exhibit additional structure, such as being diagonal or sparse.
When Ky is sparse and solves with it can be done efficiently, the compact represen-
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tation of AM and AT can be exploited to compute inverses of Kj + Ay efficiently.
This is because the matrices Ky + Ay, (with limited memory Ay from Theorem 2.1
or Theorem 2.3, respectively), have the form with m < n:

(3.6) Ki+A,=Ko— | E | [Mi] 7] =7 ].

If Agl is used in (3.6) then KO =Ko+ Al(}/I and B, My correspond to the remaining
terms in Theorem 2.1. Using AlkD in (3.6) then IA(O = K +A} and B, My, correspond
to the remaining terms in Theorem 2.3. Because of its structure the matrix in (3.6)
can be inverted efficiently by the Sherman-Morrison-Woodbury formula as long as
solves with Ky can be done efficiently. Next, L-S-BFGS-M and L-S-BFGS-P are
discussed in the situation when solves with Ky are done efficiently. Afterwards we
relate these methods to S-BFGS-M, S-BFGS-P and BFGS, L-BFGS.

3.4.1. Computations for L-S-BFGS-M. The most efficient computations are
achieved when Kj is set as a multiple of the identity matrix o;I (cf. Subsection 3.2
with O(n(4m+1)+3m?) multiplications). This approach however omits the Kq term.
Nevertheless, when K has additional structure such that factorizations and solves
with it can be done in, say nl multiplications, search directions can be computed
efficiently in this case, without omitting Kq. In particular, the search direction is
computed as pyl = —(Kj + AM)7lg, = —HMg;, where HY is the inverse from
Corollary 2.2. The initialization matrix is H)! = (oI + Ko)~!. To determine the
search direction two matrix vector products with the nx2m matrices [S, HJ) U] are
required, at complexity O(4dnm+ 2nl). The product with the 2m x 2m middle matrix
is done at O(2nm-+nl+2m?). Subsequently, —H}!g is obtained at nl multiplications.
The total complexity is thus O(n(6m+41) +2m?). Note that if oy, is set to a constant
value, say o, = 7, then the complexity can be further reduced by storing the matrix
Uy = [Op_pm ... 1Us_1 ], where @i; = (K¢ + &I)"!u;. The computational cost in this
situation is O(n(4m+1) +3m?), excluding the updating cost of the vector ; at order
nl. With a constant o only one factorization of (Ko + 1) is required.

3.4.2. Computations for L-S-BFGS-P. When A} is used in (3.6) with K, =
(Ki, + AY) and Q; = KO_IQk, U, = KalU;~C the inverse has the form

~ ~ —1 ~
(K, + AD)"1 = K ! (In + 5, (M,c - E{Kglsk) E{Kol) 7

=T1>—1m QF Q. QiU = . p
where 2, K, B = k=l =k _F 1 and Eg, My, are defined in Theorem 2.3. Assum-
U, Qr U, Uy

ing that Mg, Qk, Uy had previously been updated, computing the search direction
pg = —(Ki + Al,:)_lg;~C may be done as follows; First, Qg, Ui are computed in
O(2nlm) multiplications. Then the 2m x 2m matrix E;;FIA(JIEk is formed in O(3nm?)
multiplications. Combining the former terms and solving with the (small) 2m x 2m
matrix explicitly, the direction pt is computed in O(n(2lm + 3m? + 4m + 1) + m?)
multiplications. Note that this approach requires an additional 2nm storage locations
for the matrices Qy, Ug. Two additional remarks; first, since Qi = Vj + AfS;,
the update of Qg uses O(nl) multiplications to form a new vj and additional nm

11



TABLE 1
Comparison of computational demands for BFGS,L-BFGS,S-BFGS-M,S-BFGS-P,L-S-BFGS-
M,L-S-BFGS-P, excluding storage of Kj and where solves with Ky, are assumed to cost O(nl)
multiplications and vector multiplies cost O(l). Terms of order O(m) or lower are omitted.

Method Search Direction Memory Update

BFGS O(n?) O(n?) O(n?)

L-BFGS ((1.3), [5]) (4m +2)+m?) O
(1.5),[1

(
O(n ( O(
S-BFGS-M ((1.5),[18])  O(n?) O(n?) O(n?)
S-BFGS-P ((1.6),[18]))  O(n?) O(n?) O(n?)
L-S-BFGS-M ((3.4))  O(n(4m+1)+m?)  O@2nm+ 3m?)  O(2nm +1))
L-S-BFGS-M ((3.6))  O(n(6m +41) +m?) O(2nm + 3m?)  O(n(m + 1)
L-S-BFGS-P ((3.6)) O(n(2lm + 3m?*+ O(4nm +3m?)  O(n(3m +1))

4m +1) +m?)

multiplications if A}’ = o41. If o) remains constant, say oy = &, then the update of
Qy, is done at only O(nl) multiplications, because A§'Sy does not need to be recom-
puted each iteration. Second, if K; = Kj, in other words if K is a constant matrix
then Theorem 2.1 and Theorem 2.3 reduce to the same expressions yielding the same
computational complexities.

3.4.3. Memory Usage and Comparison. This section addresses the memory
usage of the proposed representations and relates their computational complexities to
existing methods. As a overall guideline, the representations from (3.6) use 2nm-+4m?
storage locations, excluding the IA(() term. This estimate is refined if the particular
structure of the matrix My is taken into consideration. For example, the matrices
TV and D} from Theorem 2.1 are upper triangular and diagonal, respectively. Thus,
when H)! = o041, and when the matrix U7 U, € R™*™ is stored and updated,
the memory requirement for the limited memory version of HkM in Theorem 2.1 are
O(2nm + %m2 + m) locations. We summarize the computational demands of the
different methods in the Table 1: Note that when m <« n and [ < n L-BFGS, L-S-
BFGS-M and L-S-BFGS-P enable computations with complexity lower than n? and
therefore allow for large values of n.

4. Numerical Experiments. This section describes the numerical experiments
for the proposed methods in Section 3. The numerical experiments are carried out in
MATLAB 2016a on a MacBook Pro @2.6 GHz Intel Core i7, with 32 GB of memory.
The experiments are divided into four parts. In Experiment I, we investigate an op-
timal initialization strategy. Using the outcomes of the first experiment, Experiment
II compares the limited memory methods with the full-memory methods. For consis-
tency, the tests in this experiment are on the same 61 CUTEst [14] problems as in
[18], unless otherwise noted. In Experiment III, the proposed methods are used in two
structured problem applications. In the first application, we use classification data
from LIBSVM (a library for support vector machines [6]) in order to solve regularized
logistic regression problems. The second application is an optimal control problem
from PDE-constrained optimization. In Experiment IV, the proposed methods and
L-BFGS and IPOPT [22] solvers are compared.

Performance profiles as in [15] are provided. These profiles are an extension of
the well known profiles of Dolan and Moré [10]. We compare the number of iterations
and the total computational time for each solver on the test set of problems. The
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performance metric ps(7) with a given number of test problems n,, is

card{p:m, s < T} tp.s
ps(T) = and m,, = ———,
Ny min &, ;
1<i<S,izts

where ¢, 5 is the “output” (i.e., iterations or time) of “solver” s on problem p. Here S
denotes the total number of solvers for a given comparison. This metric measures the
proportion of how close a given solver is to the best result. The extended performance
profiles are same as the classical ones for 7 > 1. In the profiles we include include
a dashed vertical grey line, to indicate this point. In all experiments the line search
parameters are set to ¢; = le™% and ¢y = 0.9.

4.1. Experiment I. This experiment investigates the initialization strategies
from Section 3. To this end, the problems in this experiment are not meant to be
overly challenging, yet they are meant to enable some variations. Therefore, we define
the quadratic functions

Qulx:6,7) = 3x7 (6 T+ QDQT)x,

with scalar parameters 0 < ¢, 1 < r < n and where D; € R"™" is a diagonal
matrix and Q; € R™*" has orthonomal gaussian columns. Note that r eigenvalues
of the Hessian V?2Q); are the diagonal elements of ¢ - I + D;, while the remaining
(n—r) eigenvalues are ¢. Therefore, by varying ¢, r, and the elements of D;, Hessian
matrices with different spectral properties are formed. In particular, when r < n,
the eigenvalues are clustered around ¢. In the experiments of this section two values
are investigated; specifically, ¢ = {1,1000}. The structured objective functions from
(1.4) are defined by

(4.1) Ex)=xTg+Qi(x;h,r),  U(x) = Qa(x;0,7).

We refer to the objective functions f(x) = E(x) + u(x) defined by (4.1) as structured
quadratics. The problems in this experiment have dimensions n = j - 100 with corre-
sponding r = 5 - 10 for 1 < j < 7. Since some of the problem data in this experiment
is randomly generated (e.g., the orthonormal matrices Q;), the experiments are re-
peated five times for each n. The reported results are of the average values of the
five individual runs. For all solvers we set m = 8 (memory parameter), € = 5 x 1076
(llgklleo <€), and maximum iterations to 10,000.

4.1.1. Experiment I.A: L-S-BFGS-M. Experiment I.A compares the four L-
S-BFGS-M initializations on the structured quadratic objective functions with eigen-
values clustered around 1. In particular, ¢ = 1, and the elements of D; are uniformly
distributed in the interval [0,999]. The results are displayed in Figure 1. We observe
that in terms of number of iterations, Init. 4 (red) and Init. 3 (purple) perform
similarly and that also Init. 2 (green) and Init. 1 (blue) perform similarly. Overall,
Init. 4 and Init. 3 requirer fewer iterations on the structured quadratics. Moreover,
the solid lines are above the dashed ones for both pairs. This indicates that including
only gradient information in U} and in the initialization strategy, as opposed to also
including 2" derivative information from uy, may be desirable for this problem. Init.
1 and Init. 2 are fastest on these problems. Even though these initializations require
a larger number of iterations, they can be faster because the line searches terminate
more quickly. Next, the four L-S-BFGS-M initializations are compared on structured
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quadratic objective functions with eigenvalues clustered around 1000. In particular,
¢ = 1000, and the elements of D; are uniformly distributed in the interval [—999, 0].
The results are displayed in Figure 2.

For the large clustered eigenvalues Init. 1 and 3 require the fewest iterations,
while Init. 3 appears fastest overall.

4.1.2. Experiment I.B: L-S-BFGS-P. Experiment [.B compares the four L-S-
BFGS-P initializations. As in Section 4.1.1 experiments on problems with eigenvalues
clustered at 1 and at 1000 are performed. The respective outcomes are in Figure 3
and Figure 4.

In Figure 3 we observe that, similar to Figure 1, Init. 3 and Init. 4 do best in
iterations, while Init. 1 does best in time.

For the experiments in Figure 4, Init. 2 and Init. 3 do best in iterations. To
analyze the properties of the scaling factor oy, in greater detail, Section 4.1.3 describes
experiments that relate o to eigenvalues.

4.1.3. Experiment I.C: Eigenvalue Estimation. In Experiment I.C we in-
vestigate the dynamics of oy, in the four initialization strategies from (3.1) on a fixed
problem as the iteration count k increases. In particular, we use one representative
run from the average results of the preceding two subsections, where n = 100 and
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r = 10. In Figure 5 the evolution of o of all four initializations for both; L-S-BFGS-
M and L-S-BFGS-P is displayed on a structured quadratic problem with eigenvalues
clustered at 1. In Figure 6 the same quantities are displayed for structured quadratic
problems with eigenvalues clustered at 1000. In green Xlgn and 5\13,« are displayed,
which correspond to the median taken over the first 1,2,--- ;n (all) and the first
1,2,--- ,r eigenvalues, respectively. Because in Figure 5 the eigenvalues are clustered
around 1, A\j<, = 1. In Figure 6 the eigenvalues are clustered around 1000 and
5\19 = 1000. In red &y is the average oy, value over all iterations.

Across all plots in Figures 5 and 6 we observe that the dynamics of oy for L-S-
BFGS-M and L-S-BFGS-P are similar. Moreover, the average G is higher for Init.
1 and Init. 2 than for Init. 3 and Init. 4. The variability of Init. 2 appears less
than that of Init. 1, while the variability of Init. 4 appears less than that of Init. 3.
We observe that Init. 1 and 2 approximate a large eigenvalue well, whereas Init. 3
and Init. 4 approximate smaller eigenvalues better (cf. Figure 5 lower half). Since
large o}, values typically result in shorter step lengths (step computations use 1/0),
choosing Init. 1 and Init. 2 result in shorter step lengths on average. Taking shorter
average steps can be a desirable conservative strategy when the approximation to the
full Hessian matrix is not very accurate. Therefore as a general guideline, Init. 1 and
Init. 2 appear more suited for problems in which it is difficult to approximate the
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Hessian accurately, and Init. 1 and Init. 2 are more suited for problems in which
larger step sizes are desirable.
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4.2. Experiment II. Experiment II compares the limited memory structured
formulas with the fullmemory update formulas from Petra et al. [18]. The full-
memory algorithms from [18], which use (1.5) and (1.6), are called S-BFGS-M and
S-BFGS-P, respectively. The line search procedures of the limited memory struc-
tured BFGS algorithms (Algorithms 3.1 and 3.2) are the same as for the full memory
algorithms. Moreover, the initializations in the full memory algorithms are set as
AM = 51, for S-BFGS-M, and A§ = &1, for S-BFGS-P, where & = 10° for the first
i > 0 that satisfies (10°T,, +Kj) > 0 (usually i = 0). The experiments are divided into
two main parts. Experiment I1.A. tests the limited memory structured BFGS-Minus
versions corresponding to Algorithm 3.1. Experiment II.A. is further subdivided into
the cases in which the memory parameters are m = 8 and m = 50. These values
represent a typical value (m = 8) and a relatively large value (m = 50), cf. e.g.,
[2]. Experiment IL.B. tests the limited memory structured BFGS-Plus versions cor-
responding to Algorithm 3.2. As before, Experiment I1.B. is further subdivided into
the cases in which the memory parameters are m = 8 and m = 50. For all the solvers,
we set € =1 x 1076 (||gk |l < €) and maximum iterations to 1,000.

4.2.1. Experiment II.A: L-S-BFGS-M. In Experiment II.A we compare the
limited memory implementations of Algorithm 3.1 with initialization strategies in
(3.1) with the full-recursive S-BFGS-M method from (1.5). The solvers are tested
on all 62 CUTEst problems from [18]. Figure 7 contains the results for the limited
memory parameter m = 8.

We observe that the full-memory S-BFGS-M (black) does well in terms of number
of iterations and execution time. However, L-S-BFGS-M1 (Init. 1, blue), a limited
memory version with memory of only m = 8, does comparatively well. In particular,
this strategy is able to solve one more problem, as indicated by the stair step at the
right end of the plot.

Figure 8 shows the results for the limited memory parameter m = 50. A larger
limited memory parameter makes using limited memory structured matrices more
computationally expensive but is also expected to increase the accuracy of the quasi-
Newton approximations.

Note that the outcomes of S-BFGS-M (black) in Figure 8 are the same as those
in Figure 7, because it does not depend on the memory parameter. For the limited
memory versions we observe that the outcomes of L-S-BFGS-M2 (green) improve
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Comparison of four initialization strategies of L-S-BFGS-P from (3.1) to the full-

recursive method S-BFGS-P (corresponding to (1.6)). The limited memory parameter is m = 8.
Left: number of iterations; right: time.

notably, whereas the other limited memory versions remain roughly unchanged. Using
the initialization strategies (Init. 1 or Init. 2), limited memory solvers are able to
solve one more problem than the full-memory method can, as indicated by the highest
ending lines in the plot. We believe that Init. 1 and Init. 2 (see section 4.1.3) generate
initialization parameters o; that are on average larger than those generated by Init.
3 or Init. 4. These larger values in turn result in shorter average step sizes, which
appears advantageous on general nonlinear problems.

4.2.2. Experiment II.B: L-S-BFGS-P. In Experiment II.B we compare the
versions of Algorithm 3.2 using the initialization strategies from (3.1) with the full
memory recursive S-BFGS-P method (1.6). The solvers are run on 55 of the 62
CUTESst problems from [18] for which n < 2500. Figure 9 contains the results for the
limited memory parameter m = 8:

We observe that for a relatively small memory parameter m = 8, L-S-BFGS-M3
(Init. 3, purple) solves the most problems. L-S-BFGS-M4 (Init. 4, red) requires the
fewest iterations, as indicated by the highest circle on the y-axis in the left panel of
Figure 9.

Figure 10 shows the results for the limited memory parameter m = 50. A larger
parameter makes using limited memory structured matrices more computationally
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Left: number of iterations; right: time.

expensive but is also expected to increase the accuracy of the quasi-Newton approxi-
mations.

Note that the outcomes of S-BFGS-P in Figure 10 are the same as in Figure 9,
because the full-memory solver does not depend on the memory parameter. For a
larger memory m = 50, the outcomes of L-S-BFGS-P2 (green) and L-S-BFGS-P4
(red) improve notably. Overall, L-S-BFGS-P4 solves the most problems.

From the experiments in this section, we find that initialization strategies Init.1
and Init. 2 appear most desirable for L-S-BFGS-M, whereas Init. 4 and Init. 2 appear
most desirable for L-S-BFGS-P.

4.3. Experiment III. This section describes two applications in which the
structured algorithms are applied. For all solvers we set m = 8 (memory parame-
ter), e =1 x 107% (]|gk|loo < €) and maximum iterations to 10000. Since some of the

problems in this section are large we use the techniques describe in Subsection 3.4
throughout the experiments.

4.3.1. Experiment III.A: Logistic Regressions. Experiment ITI.A tests the
proposed methods on smooth-structured objective functions from machine learning, as
described, for example, in [20]. In particular, logistic regression problems use smooth
objective functions for classification tasks (for instance, [4]), which often depend on
a large number of data points and many variables. The classification problems are
defined by the data pairs {d;,y;}2 ;, where the so-called feature vectors d; € R” may
be large, and the so-called labels y; € {—1,1} are scalars. In [21] regularized logistic
regression problems are described in which the objective function is composed of two
terms. The optimization problems are formulated as

D
A
T eRn 2° §||X||§ + ;bg (1+ exp(—yix"d;)) ,

where A > 0. The regularization term, % |x||?, has a second derivative,AL, that is

readily available. Therefore, we define the known and unknown components for this
problem as

D
u(x) = Z log (1 + exp(—y;x"d;)).
i=1
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Fia. 11. Comparison of L-S-BFGS-M solvers on 10 logistic regression classification problems
using data from LIBSVM. Left: number of iterations, right: time.

This experiment’s data was obtained from www.csie.ntu.edu.tw/"cjlin/libsvm/
(retrieved on 10/03/19). Ten problems were used, with problem dimensions listed in
Table 2.

TABLE 2
List of dimensions for 10 LIBSVM logistic regression problems. Here D denotes the number
of training pairs {di,yi}iDzl, and n denotes the number of variables/feature weights (the size of the
problem).

Problem D n
revl 20242 | 47236
duke 34 7129

gisette 6000 5000

colon_cancer 62 2000
leukemia 38 7129
real_sim 72309 | 20958
madelon 2000 500

w8a 49749 300
mushrooms 2000 500
a%a 32561 123

Some of the problems are large, with n > 5000. Because the Hessian of E(x) is
constant, the search directions of L-S-BFGS-M and L-S-BFGS-P are the same, when
the computations with L-S-BFGS-M are done as described in Section 3.4.1. Thus we
focus on presenting the results with this method. The regularization parameter is set
as A = 1073, The results of the experiments are shown in Figure 11.

In this experiment L-S-BFGS-M1 (blue) appears the most robust. This solver is
based on Init. 1, which typically yields the largest values of o (see section 4.1.3).
Overall, we believe that the dashed lines, which typically produce larger values of oy,
do best on these problems. Larger values of o}, typically result in shorter steps (see
e.g., Line 3 in Algorithm 3.1 where Hy = (1/0%)I). Therefore when, as in this case,
the Hessian of %(x) may be difficult to accurately approximate, because it depends on
data, it appears advantageous to use initialization strategies, which produce relatively
large oy.
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Fia. 12. Comparison of L-S-BFGS-M solvers on PDE constrained optimal control problems.
The dimensions of the problems are n = (10 xj—2)2 forj = 2,3,--- ,10. Left: number of iterations,
right: time.

4.3.2. Experiment II1.B: Optimal Control Problems. This experiment de-
scribes a typical situation in PDE constrained optimization. In particular, if the PDE
is nonlinear, then we can compute gradients efficiently using the adjoint equation,
but Hessians of the unknown part cannot be computed efficiently. Denoting u as the
horizontal axis and v as the vertical axis, then 2D Poisson problems, with an unknown
control z(u,v), are defined by the differential equation: ¥y, + Yy = . The solution
y(u,v) has known boundary values on a box (u,v) € [0,1]%; in other words, y(0,v),
y(1,v), y(u,0), and y(u,1) are known. Discretizing the domain and splitting it into
an interior and boundary part, we get for the optimal control problem

1
miniﬁlize 3 {||x||§ + |ly(x) — y*||§} subject to Ay =x+g,
xER"

where g € R™ represents a vector with boundary information, A € R™*™ is a matrix
resulting from a 5-point stencil finite difference discretization of the partial derivatives,
and y* are fixed data values. Because the Hessian of the regularization term, £|x||3,
is straightforward to compute, we define the structured objective function by

(43) R =5l 00 = 5 lyeo ¥,

using y(x) = A7!(x + g). The number of variables is defined by the formula
n = (10 x j —2)2, where j = 2,3,---,10, which corresponds to discretizations with
20,30, - - - , 100 mesh points in one direction. The largest problem has n = 9604 vari-
ables. For comparison we also include the implementation of a “standard” BFGS
method from [18], which uses the same line search as do the limited memory struc-
tured methods.

In this experiment, L-S-BFGS-M3 and L-S-BFGS-M1 (dashed purple and blue)
appear to do best overall. Both solvers typically generate o values, which are larger
than the ones from the solvers with solid lines (cf. observations from section 4.1.3).
Larger values of o; yield shorter step lengths, which may be regarded as a more
conservative strategy. The effect of computing search directions by the Sherman-
Morrison-Woodbury formula in Line 3 from Algorithm 3.1, appears in the right-hand
plot of Figure 12. In particular, the limited memory versions do not require solves with
linear systems that depend on the dimension n, whereas the BFGS implementation
from [18] is based on solves with n x n dimensional systems.
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Fic. 13. Comparison of L-S-BFGS-P on structured objective functions to IPOPT and L-BFGS-
B. Left: number of iterations, right: time.

4.4. Experiment I'V. In this experiment our structured solvers are tested next
to L-BFGS and IPOPT [22] (we use a precompiled Mex file with IPOPT 3.12.12,
MUMPS and MA57). The objective function is a structured quartic function

n

(44)  f(x) =k(x)+a(x), k(x)= % > (afaf +12259,), (x) = %Zqiz%,

i=1

where the data a;, g; and g; are random normal variables with n = j x 100,1 < j < 7.
The starting values are all ones, i.e., xg = 1. We specify the limited memory BFGS
option for IPOPT using the setting hessian_approximation=‘limited memory’ and
tolerances by tol=9.5e-10 and acceptable_tol=9.5e-10. The L-BFGS solver uses
the same strong Wolfe line search as the algorithms from section 3. For all solvers
we set m = 8 (memory parameter), and maximum iterations to 10,000. A solver is
regarded to have converged when ||g|lcc < 9.5 x 107°. The average outcomes of 5
runs of the experiments are in Figure 13.

IPOPT and the L-S-BFGS-P solvers converge to the specified tolerances on all
problems. L-BFGS converges on about 28% of the problems. The outcomes of the
number of iterations (left plot) and computational times (right plot) in Figure 13 are
consistent. In particular, we observe that the differences in the number of iterations
are roughly reflected in the difference in the computational times. In this problem
the known Hessian is not constant, and including second-order information in the
quasi-Newton approximations appears to yield better overall approximations such
that fewer iterations are required.

5. Conclusions. In this article we develop the compact representations of the
structured BFGS formulas proposed in Petra et al. [18]. Limited memory versions of
the compact representations with four initialization strategies are implemented in two
line search algorithms. The proposed limited memory compact representations enable
efficient search direction computations by the Sherman-Morrison-Woodbury formula
and the use of efficient initialization strategies. The proposed methods are compared
in a collection of experiments, which include the original full-memory methods. The
structured methods typically require fewer total iterations than do the unstructured
approaches. Among the four proposed initialization strategies, initializations 1 and 2
appear best for the structured minus methods (L-S-BFGS-M), whereas initializations
4 and 2 appear robust for the structured plus (L-S-BFGS-P) methods.
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